We determine in an extended Brueckner-Hartree-Fock formalism self-consistent single-particle potentials of nucleons, lambda, and sigma hyperons for a system consisting of symmetric nuclear matter and lambda hyperons of uniform densities N and ⌳ , respectively. The binding energy per baryon of this system is discussed and its maximum strangeness content preserving binding is evaluated. The results are used to introduce a hyperonic symmetry energy term in a generalized mass formula for multistrange hypernuclei.
I. INTRODUCTION
There is an increasing interest in exploring nuclear systems with strangeness, especially multistrange nuclear systems, i.e., those containing several strange particles. Besides simple hypernuclei, which have been studied for a long time already ͓1͔, a few doubly strange hypernuclei have been identified ͓2͔. Recently, the production of hyperfragments in relativistic heavy-ion collisions ͓3͔ has received more attention. Furthermore, the core of neutron stars, which is the object of theoretical investigations ͓4͔, may contain a high fraction of hyperons. The strangeness content of nuclear systems is regarded more and more as another degree of freedom, in similarity to the N/Z ratio.
Theoretical investigations of these systems have a limited reliability, mainly due to the fragmentary knowledge of the hyperon-nucleon and especially hyperon-hyperon interactions. The Nijmegen ͓5͔ and Jülich ͓6͔ groups have exploited the scarce existing measurements to build detailed mesonexchange potentials. Although both potentials describe the hyperon-nucleon scattering data reasonably well, they give different predictions for many-body systems, partly because they assume different exchanges, but mainly because the existing data do not constrain the potentials sufficiently. The forthcoming experiments at BNL and KEK ͓7͔ will, for the first time in about 30 years, yield fresh experimental information that will hopefully improve the reliability of available hyperon-nucleon and hyperon-hyperon potentials.
All the above-mentioned applications involve the effects of the hyperon-nucleon ͑and hyperon-hyperon͒ interaction in a more or less dense baryonic medium. In this article we present the state of the art of hypernuclear matter calculations in an extended Brueckner-Hartree-Fock ͑BHF͒ formalism with the Paris nucleon-nucleon ͓8͔ and the Nijmegen soft-core hyperon-nucleon ͓5͔ potentials. This work is an extension of a preliminary study ͓9͔ that was restricted to a fixed nucleon density N ϭ 0 ϭ0.17 fm Ϫ3 . We consider now varying lambda as well as nucleon densities. We calculate the binding energy and the nucleon, lambda, and sigma mean fields for such a system. We also determine the hyperonic symmetry energy in a generalized mass formula ͓10͔ for finite systems composed of nucleons and lambda hyperons.
Of course, multistrange systems, especially those that can be created in heavy-ion collisions, may contain other hyperons. However, for not too large hyperonic densities, it is expected that ⌶ particles decay quickly through the N ϩ⌶→⌳ϩ⌳ process. Similarly, in the same conditions, the strong interaction process ⌺ϩN→⌳ϩN is always possible, and sigma hyperons rapidly disappear from the medium. Therefore, hypermatter should appear as a mixture of nucleons and lambda particles for a relatively long time, determined basically by the characteristic weak decay time of lambda particles inside the medium. The latter is so long that the system can be considered as equilibrated with respect to the strong interactions. For large hyperonic densities, the strong decays mentioned above may be hindered by the Pauli blocking inside the Fermi sea of ⌳ particles ͓10,11͔. In that case, the addition of ⌺ and ⌶ Fermi seas would be mandatory.
II. FORMALISM
We consider in this article the properties of an infinite system composed of nucleons ͑protons and neutrons of same proportion͒ and lambda hyperons with moderate strangeness fraction ⌳ / N Շ0.3. This allows us to disregard ⌺ and ⌶ components as mentioned above. However, we do consider ⌺ hyperons in the intermediate states, as it is well known that the ⌳N and ⌺N channels are strongly coupled. A related reason for the restriction to a small hyperon fraction is the fact that quantitative properties ͑potentials͒ for the hyperonhyperon interactions are presently essentially unknown due to the lack of experimental constraints. Only their long-range part can be constructed to some extent using SU͑3͒ symmetry ͑this symmetry is partially broken͒, whereas the shortrange behavior is completely undetermined. We therefore neglect these interactions in this work, and are left with the nucleon-nucleon and hyperon-nucleon potentials.
Both the Paris nucleon-nucleon and the Nijmegen softcore hyperon-nucleon potentials that we use are given in the common general form
i.e., they contain central and momentum-dependent components as well as spin-spin, linear and quadratic spin-orbit, and tensor parts. The nucleon-nucleon (NN) system may exist in two isospin states Tϭ0,1, whereas the hyperonnucleon system may exist in the Tϭ1/2 isospin state (⌳N, ⌺N) and in the Tϭ3/2 isospin state (⌺N). For this system, there are three couplings in the Tϭ1/2 channel (⌳⌳, ⌳⌺, ⌺⌺) and one in the Tϭ3/2 channel (⌺⌺). When referring to couplings in the hyperon-nucleon channel, and provided there is no confusion possible, we use the notation ⌳⌺ for denoting ⌳N↔⌺N, etc. Similarly, in order to simplify the notation in the equations below, we use ⌳ and ⌺ for denoting the ⌳N and ⌺N channels, respectively. Using these potentials we have to solve the BetheGoldstone ͓12,13͔ integral equation in the nucleon-nucleon and hyperon-nucleon channels. We write down the equation for the later, more complex, case:
with the intermediate propagator
and
͑4͒
Here k and kЈ denote the relative momenta of the initial NY 
͑there is another equation, obtained by interchanging ⌳↔⌺), and a 4ϫ4 structure when the mixing of angular momentum states through the tensor potential applies. The solutions of the Bethe-Goldstone equation determine the diagonal G-matrix elements
and the single-particle potentials ͑in the so-called continuous choice͒ are then given by
where the notation U A (B) denotes the single-particle potential of particle A due to the interaction with particles B in the medium. Carrying out the calculation for the relevant combinations AϭN,⌳,⌺ and BϭN,⌳, we obtain the total single-particle potentials of nucleons and hyperons as
͑Presently we neglect the hyperon-hyperon interaction and set U Y (⌳) ϭ0.͒ Because of the occurrence of U N and U Y in Eq. ͑4͒, the set of equations ͑2͒-͑8͒, together with the appropriate ones for the nucleons, constitutes a coupled system that has to be solved in a self-consistent manner.
We are interested in the total binding energy per baryon B/A ͑the difference between total energy and energy of the interaction-free system͒. In the BHF approximation this quantity and the baryon number A per unit volume, i.e., the baryon density , are given by
III. RESULTS
A. Single-particle potentials
In order to make the subsequent discussion more transparent, we begin in Fig. 1 with a plot of the hyperon-nucleon potentials in the most important partial waves 1 S 0 , 3 S 1 , and 3 SD 1 , and for the four couplings ⌳⌳, ⌳⌺, ⌺⌺(Tϭ1/2), and ⌺⌺(Tϭ3/2). For comparison, also the results for the Paris nucleon-nucleon potential are shown. It should be emphasized that we plot only the central components V C ͓see Eq. ͑1͔͒ of the potentials, although the momentum dependent parts () are known to be quite important quantitatively. Therefore only qualitative features are illustrated by the figure. We mention the following: ͑a͒ At short distances (r Շ1 fm) the hyperon-nucleon potentials are much ''softer'' and their variation is much more pronounced ͑nonmonoton-ic͒ than the nucleon-nucleon potential, which basically represents a monotonically rising ''hard core.'' This implies ͑unfortunately͒ a more careful and time-consuming numerical treatment of the short-range part of the integral equations. ͑b͒ The repulsion in the hyperon-nucleon potentials ͑in particular the ⌺⌺ components͒ appears to set in at slightly larger distances than in the nucleon-nucleon interaction. ͑c͒ There is a strong attraction for all partial waves in the ''mixing'' channel ⌳⌺, in particular for the 3 SD 1 wave. The qualitative behavior of the potentials, in particular the last point just mentioned, allows us to understand the size of the contributions of the individual partial waves to the single-particle potentials U ⌳ (kϭ0) and U ⌺ (kϭ0), which are listed in Table I 
The total sums include partial waves up to Jϭ5. mind the reader that the Brueckner resummation basically cuts off the repulsive parts appearing in the potentials. For the total depth of the mean fields we obtain U ⌳ (kϭ0) ϷϪ30 MeV and U ⌺ (kϭ0)ϷϪ15 MeV, which is in the case of the lambda in good agreement with the analysis of (,K) and (K,) reactions and of hypernuclei binding energies ͓1͔, and in agreement with previous similar theoretical investigations ͓14-16͔ restricted to vanishing hyperon density. For the sigma, the experimental as well as theoretical ͓15͔ situation is less clear. Our calculation is the first one with a fully self-consistent choice of continuous singleparticle potentials, which appears to be most appropriate in particular for the sigma particle. Meson-exchange mean-field theories yield also similar results, but sometimes at the expense of adapting coupling constants ͓11,17-19͔.
In Fig. 2 we display the full momentum dependence of the single-particle potentials in pure nuclear matter at three different densities. The real nucleon single-particle potentials assume the usual momentum dependence, with a small wiggle in the curves just above the Fermi momentum, typical of first-order Brueckner calculations. The curves for the hyperon single-particle potentials have a similar shape. Their curvature is less pronounced, which indicates a smaller effective mass. Defining a global effective mass by m* m
(k F is the nucleon Fermi momentum͒, one finds at normal nuclear matter density values of 0.69, 0.84, and 0.91, for the nucleon, lambda, and sigma particles, respectively. The imaginary parts of the single-particle potentials are also given in Fig. 2 . For the nucleons this quantity is different from zero only when kϾk F (N) due to the complete Pauli blocking of collisions below this value. However, there is no restriction for the hyperons, since an arbitrary small excitation of the nucleon Fermi sphere can be obtained by a corresponding loss of energy of the hyperon. It is understandable that this possibility vanishes for zero-momentum ⌳ particles. This is not the case for ⌺ particles: The imaginary part has a nonvanishing value at zero momentum, because of the exothermic reaction ⌺N→⌳N. This can be checked qualitatively: In a semiclassical picture, the imaginary part is given by
where is the reduced hyperon-nucleon mass ͓Eq. ͑A2͔͒, the cross section, and the nucleon density. An average over the Fermi sphere of the nucleon is involved, with k being the hyperon-nucleon relative momentum. With the Nijmegen potential, the ⌺N→⌳N cross section is roughly equal to a/k ͓5͔, with aϷ7 fm. The above formula yields Im UϷ Ϫ23 MeV for normal density, compared to the calculated numerical value of ϷϪ19 MeV. The difference can be attributed mainly to the remaining Pauli blocking that is not taken into account by the classical formula.
In Fig. 3 we show the density dependence of characteristic features of the nucleon and hyperon single-particle potentials in pure nuclear matter, namely, the depth of the mean field for a nucleon or hyperon at rest, U(kϭ0), as well as their global effective masses, according to Eq. ͑11͒. At all densities, the binding of the hyperons is much smaller ͑Շ30%͒ than that of the nucleons. For all kinds of particles, the absolute value of the mean field first increases ͑in absolute value͒ as the density is increasing, reaches a maximum, and then decreases. The density at which the hyperons are FIG. 2. Nucleon and hyperon single-particle potentials ͑real and imaginary parts͒ in pure nuclear matter (k F (⌳) ϭ0) of three different densities corresponding to k F (N) ϭ1.05,1.35,1.65 fm Ϫ1 . The real parts correspond to the increasing functions, whereas the imaginary parts are given by the curves with a negative slope. The nucleon curves are scaled by a factor 1/2. The vertical lines denote the position of the nucleon Fermi momentum. most strongly bound, / 0 Ϸ1.5, is substantially smaller than the one for nucleons, / 0 տ3. This is due to the fact that the repulsive components of the hyperon-nucleon interaction become effective already at a larger distance than for the nucleon-nucleon one ͑see Fig. 1͒ . Concerning the effective masses, their deviations from the bare values reflect the strengths of the interactions in the same manner as observed for the well depths; namely, the nucleon effective mass is smaller than the one of lambdas and sigmas, in that order. The nonmonotonic behavior with density in the case of the sigma is due to a competition between the isospin 1/2 (m* Ͻm) and 3/2 (m*Ͼm) contributions.
In Fig. 4 we demonstrate the effect of increasing the lambda hyperon density (k F (⌳) ϭ0.8,1.2,1.6 fm Ϫ1 ) at fixed nucleon density N ϭ 0 . The real nucleon single-particle potential U N becomes increasingly deeper, compared to the pure nuclear matter case, due to the attractive hyperonnucleon interaction. This modification corresponds almost entirely to the addition of the term U N (⌳) ͓see Eq. ͑8a͔͒, whereas the modification of U N (N) ͑due to the self-consistent change of the energy denominator in the Bethe-Goldstone equation͒ is very small. Concerning the hyperon singleparticle potentials, in our approximation scheme there is only the contribution U Y (N) ͓see Eqs. ͑8b͒ and ͑8c͔͒, since we neglect the hyperon-hyperon interaction. There is consequently only a small indirect effect ͑reduction͒ with increasing lambda density, via the modification of the Pauli operator and single-particle potentials in the intermediate states.
Our numerical results allow us to test the approximation
which is often used in mean-field calculations. For the three cases shown in Fig. 4 we obtain at zero momentum (kϭ0) the ratios U N (⌳) /U ⌳ (N) ϭ0.13, 0.39, 0.80, compared to ⌳ / N ϭ0.10, 0.35, 0.83, respectively. For larger momenta, the relation is less well satisfied, however.
The imaginary part of the nucleon mean field is increased, due to the possible collisions with the lambda particles. The imaginary part of the lambda potential differs from zero for kϾk F (⌳) . This quantity remains small until kՇ2 fm Ϫ1 , corresponding to the opening of the ⌺N channel (M ⌺ ϪM ⌳ Ϸ78 MeV), to which the ⌳N is strongly coupled. It is interesting to note that the imaginary part of the ⌺ singleparticle potential at low momenta is decreasing substantially ͑in absolute value͒ as the ⌳ density is increasing. The reason is that the ⌺N→⌳N transition is more and more hindered by the Pauli principle in the growing ⌳ Fermi sphere.
B. Binding energy
The binding energy per baryon, B/A, as a function of baryon density ϭ ⌳ ϩ N and hyperon fraction yϭ ⌳ / is shown in Fig. 5 . For pure nuclear matter ͑yϭ0, curve on the front face of the box, on the right͒, our calculation predicts saturation at a too large density ͑Ϸ0.23 fm Ϫ3 ), although the magnitude of B/A at the true saturation point ͑ϷϪ15.1 MeV͒ is quite satisfactory. The failure to reproduce the correct saturation point is common to all nonrelativistic Brueckner calculations with realistic potentials. In this article we are in any case interested in the effect of adding hyperons to the system, i.e., increasing y. Since the binding energy gained by adding a single lambda to nuclear matter, ͉U ⌳ (0)͉, is larger than that by adding a nucleon, namely, ͉B/A͉, it is energetically favorable ͑as far as the binding energy is concerned͒ to add hyperons to the system. Of course, when their number is increasing, the Pauli principle forces them to have kinetic energy. As a result, at some finite hyperon fraction y 0 , the quantity B/A displays a shallow minimum, as indicated in Fig. 5 . This fraction increases with increasing baryon density, since B/A decreases more and more in magnitude: Dense nuclear matter favors the binding of a larger percentage of hyperons. On the other hand, the shift of the predicted saturation point with strangeness fraction y is practically negligible, as is indicated by a projected curve ͑nearly straight line͒ in the figure: The internuclear distance favored by nucleon-nucleon and hyperon-nucleon pairs is approximately the same.
It is convenient to introduce dimensionless quantities for a parametrization of the y dependence of B/A by a parabolic approximation: binding energy at this minimum, respectively. The function b(,y) for several values of the density is shown in Fig. 6 together with the dependence of the parameters y 0 and b 0 on the baryon density. The values at normal density are y 0 Ϸ0.026 and b 0 Ϸ0.005. It should be stressed, however, that the simple fit, Eq. ͑14͒, is only valid in the vicinity of the minimum y 0 . For a larger hyperon fraction the binding energy B/A increases faster than given by the formula above.
For a first practical application, we use our results together with a generalized Bethe-Weizsäcker formula for hypernuclear matter that was proposed in Ref. ͓10͔ in the framework of a Fermi gas model. It amounts to adding terms describing the nuclear symmetry energy, surface energy, and Coulomb energy:
with AϭNϩZϩ⌳, xϭ(NϪZ)/A, and yϭ⌳/A ͑this is different from the definition in Ref. ͓10͔͒. In the Coulomb energy term, the relation Z/Aϭ(1ϪxϪy)/2 was used. Following Ref. ͓10͔, we choose the parameters ͑in MeV͒ a V ϭ16, a x ϭ28.5, a S ϭ16.9, and a C ϭ0.72. The minimum of this expression with respect to x and y for fixed A defines the line of maximum binding for hypernuclei, (x,y) min (A). Assuming the parametrization, Eq. ͑14͒, one finds, for x min , y min , and the proton fraction (Z/A) min ,
Were it not for the Coulomb term (a C ϭ0), y min would coincide with the value y 0 Ϸ0.026 determined earlier. lomb repulsion, however, favors the replacement of protons with lambdas, leading to an upward shift of y min , increasing with the mass number A. This can easily be checked on the above formulas. It is also seen in Fig. 7 , where we plot the dependence of y min and (Z/A) min on A, together with the binding energy (B/A) min at this point. For large mass numbers AϷ300, our results are very similar to those of Ref. ͓10͔ ͑which are displayed as well in the figure͒, whereas we find a substantially smaller hyperon fraction at small AϷ100. The reason is the assumption of momentum-independent hyperon-nucleon mean fields U ⌳ (N) ϭϪ28 MeV and U N (⌳) ϭ Ϫ14 MeV made in that reference, which is not confirmed by our calculation: At the Fermi momentum the singleparticle potentials are substantially smaller than at zero momentum; see Fig. 2 . We therefore obtain less attraction than in Ref. ͓10͔. ͓The approximation b( 0 ,y)ϭ1ϩ␣y Ϫ␤y 2 , ␣ϭ0.71, ␤ϭ3.55 was derived in that work.͔ The previous considerations dealt with the mostly bound hypernuclei. Another related problem is the maximum strangeness that hypernuclei of given baryon number can sustain. This limit corresponds to the hyperon drip line. Beyond this line, the last hyperon would be unbound. For actual hypernuclei, the determination of this line would require detailed calculations. To have a rough idea, we looked at the maximum hyperon fraction for which the infinite system is still bound. The latter is determined by a vanishing hyperon Fermi energy e F (⌳) . The results are given in Fig. 8 . We find that the maximum lambda fraction at the nuclear matter density is about 0.4, and that it decreases with increasing baryon density. This is due to the fact that with rising baryon density the kinetic part of the lambda Fermi energy becomes more and more dominant compared to the mean-field contribution.
Of course, the previous results are not to be taken too seriously, because the hyperon-hyperon interaction is neglected and, related to that, the important phenomenon of ⌶ condensation is disregarded. Rather, they provide a lower bound on the strangeness fraction in hypernuclei and demonstrate the importance of a truly microscopic treatment for quantitative predictions.
IV. CONCLUSIONS
We presented in this work a detailed microscopic calculation of the hyperon ͑lambda͒ symmetry energy in nuclear matter, i.e., the change of binding energy when replacing nucleons by hyperons. Our theoretical framework is the selfconsistent nonrelativistic Brueckner-Hartree-Fock approximation with the continuous choice of single-particle potentials, which is expected to work well for moderate densities / 0 Շ2, . . . ,3. This is indeed the case for pure nuclear matter. To obtain a refined agreement, like saturation at the correct density, requires adding contributions like third-order graphs in the hole-line expansion ͓20,21͔ ͑their numerical importance is still an unsettled issue, even for pure nuclear matter͒. At higher densities, besides the increasing relevance of higher order nucleonic diagrams, internal ͑quark͒ degrees of freedom should progressively become important, and a relativistic treatment appears more appropriate. Nevertheless, the hyperon ͑symmetry͒ energy should not be very sensitive to the slightly imperfect description of pure nuclear matter. Furthermore, the adapted framework, with the so-called continuous choice, allows a reliable determination of the singleparticle potentials, including their imaginary parts.
We have used one of the most advanced microscopic hyperon-nucleon interactions. Unfortunately, we were forced to neglect the hyperon-hyperon interaction, in view of the insufficient knowledge of the latter. For this reason, the results presented here are restricted to small values of the hyperon fraction. We have carried out some exploratory calculations based on simple guesses for the ⌳-⌳ potential, but found that the results depend very strongly on the shortrange behavior of the interaction that is not controlled by symmetry considerations. Note that it is not even clear that the ⌳-⌳ potential is repulsive. According to Ref. ͓2͔, the analysis of some double ⌳ hypernuclei would suggest that the ⌳-⌳ potential yields as much binding as the ⌳-N potential at low energy. For the time being, without sufficient restrictions by experimental data, we consider such an extension therefore as premature.
The results obtained in this work are suitable as a foundation for Thomas-Fermi calculations of heavy hypernuclei ͓18,19͔. We intend to pursue such applications, as well as an extension of our formalism to hyperonic neutron matter. This is of particular interest for the physics of neutron stars, where the condensation of hyperons ͑most importantly ⌺ Ϫ and ⌳) might have important effects on the equation of state and therefore possibly on global observables of the star ͓4͔.
it can ͑in order to avoid computing second derivatives of the wave function͒ be converted by partial integration into ͓20͔ 
